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Abstract:

Spectral geometry investigates the relationships between the geometric invariants of Riemannian
manifolds and the spectral data of associated elliptic operators, particularly the Laplace-Beltrami
operator. This paper provides a comprehensive analytical study of these themes on complete Riemannian
manifolds, emphasizing the interplay with harmonic structures. On compact manifolds without

boundary, the spectrum of the Laplace-Beltrami operator Ag is discrete, consisting of eigenvalues

0=A4 <A <A <..—>0 with finite multiplicities, admitting a complete orthonormal basis of
eigenfunctions in LZ(M,dvolg). These eigenfunctions, known as manifold harmonics, generalize

Fourier series and encode geometric information through nodal patterns, Weyl asymptotics, and heat
kernel expansions.
For complete non-compact manifolds, the spectrum may include both discrete and essential components,

with the bottom of the spectrum ﬁo(l\/l) determined by curvature and volume growth. Harmonic
functions (ker A ) exhibit rich growth behaviors governed by Liouville-type theorems: on manifolds

with non-negative Ricci curvature, positive or bounded harmonic functions are constant, reflecting
strong rigidity via the Bochner formula and Bishop-Gromov volume comparison. In contrast, negatively
curved or asymptotically hyperbolic manifolds admit abundant harmonic functions linked to boundary
theory at infinity, Poisson kernels, and Martin boundaries.

This work explores direct problems (eigenvalue estimates from geometry, e.g., Cheeger inequalities
adapted to ends) and inverse problems (recovering geometry from spectral data or harmonic growth).
Heat kernel estimates, gradient bounds (Cheng-Yau), frequency monotonicity (Almgren-Colding-
Minicozzi), and stochastic completeness provide the analytical toolkit. Key topics include parabolicity
versus non-parabolicity of ends, nodal geometry of eigenfunctions, isoperimetric inequalities, and
applications to minimal surfaces, geometric flows, and asymptotic analysis.

Challenges in unbounded curvature or singular limits are addressed through synthetic curvature (RCD
spaces) and quantitative refinements. By integrating spectral theory with harmonic analysis, the study
illuminates how analytic invariants constrain or determine large-scale geometry, topology at infinity, and
rigidity phenomena. Implications span mathematical physics, general relativity, data science, and shape
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optimization. This framework advances the classical question of “hearing the shape of a manifold” to
non-compact settings, offering new perspectives on the hidden symmetries of curved spaces.

Keywords: Spectral geometry, Laplace-Beltrami operator, complete Riemannian manifolds, harmonic
functions and eigenvalue spectrum etc.

Introduction:

Spectral geometry and the theory of harmonic structures constitute cornerstone areas in modern
geometric analysis, offering powerful tools to probe the intrinsic properties of Riemannian manifolds
through analytic lenses. At its core, spectral geometry examines how the eigenvalues and eigenfunctions
of natural differential operators chiefly the Laplace-Beltrami operator reflect and determine the
underlying geometry, topology, and curvature of the manifold. Harmonic structures, encompassing
harmonic functions, forms, and maps, provide complementary insights into potential theory, boundary
behavior at infinity, and energy minimization on these spaces. This paper focuses on complete
Riemannian manifolds, where geodesic completeness (by the Hopf-Rinow theorem) enables global
analysis without boundary effects, yet non-compactness introduces continuous spectra, essential
spectrum, and intricate asymptotic phenomena.

The Laplace-Beltrami operator Ag on a Riemannian manifold (|V| ,g) is defined in local coordinates

by
1

Au=——=30glg"du,
g \/@ \/_ j

where gij is the inverse metric and | g | its determinant. This operator is intrinsically defined, elliptic,
and self-adjoint with respect to the L? inner product induced by the volume form dvol, = /| g |dx. On

a compact manifold without boundary, the spectral theorem from functional analysis yields a discrete
spectrum accumulating only at infinity, with associated eigenfunctions forming an orthonormal basis.
This decomposition allows any L* function to be expanded as U=C;p;, whereA ¢ =A,4,. The
resulting “manifold harmonics” facilitate Fourier analysis on curved spaces, with profound applications

in geometric processing, quantum mechanics, and numerical methods.
Weyl’s law provides the asymptotic distribution of eigenvalues: the counting function

N (A1) :#{j ‘A < A} satisfies N(A) ~CVol(M)A"? as 1 — oo, where the leading term
depends only on dimension and volume, while lower-order terms encode integrals of scalar curvature
(via the Minakshisundaram-Pleijel expansion of the heat trace). Inverse spectral problems ask to what
extent the spectrum {ﬂj} determines the isometry class of (M,g). While isospectral but non-

isometric manifolds exist (e.g., via Sunada’s construction or Milnor’s tori), rigidity holds in many
symmetric cases, such as spheres and certain locally symmetric spaces. Nodal domains and the geometry
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of zero sets of eigenfunctions, governed by Courant’s nodal domain theorem and Yau’s conjecture on
nodal volume, further link spectrum to topology.
The transition to complete non-compact manifolds fundamentally alters the spectral picture. The

essential spectrum may be non-empty, and A,(M)=inf o(-A;) can be positive even without

compactness. For hyperbolic space H", A, =((n—1)/2)2 >0 correlated with exponential volume
growth. In general, lower bounds on \(\lambda_0\) relate to isoperimetric constants or the Cheeger
constant via inequalities of the form A, > h?/4, which persist in suitably exhausted non-compact

settings. Heat kernel methods become indispensable: the fundamental solution p(t, x, y) to the heat
equation o,u = Agu satisfies Gaussian-type estimates under Ricci curvature bounds (Li-Yau), enabling

precise control over short- and long-time behavior. On-diagonal estimates connect directly to volume
growth and on-diagonal lower bounds to /10

Harmonic structures emerge naturally as the kernel of Ag. On compact manifolds, the maximum

principle forces harmonic functions to be constant. On complete manifolds, the landscape is vastly richer
and tightly coupled to curvature. Yau’s seminal Liouville theorem states that a complete manifold with
Ric >0 admits no non-constant positive harmonic functions. The proof leverages the mean-value
property for subharmonic functions and volume comparison: Bishop-Gromov implies that

Vol(B, (p)) <Cr", preventing non-trivial global harmonics from escaping to infinity without

violating integrability or positivity. Cheng-Yau gradient estimates provide quantitative versions: for
harmonic u,

supB u
V| (x) < C(n, K) 2P Breo 1]

when Ric>—K . These estimates arise from the Bochner-Schrédinger formula and careful application

of the maximum principle to auxiliary functions involving | Vu |2 and distance functions.

Bounded harmonic functions on such manifolds are likewise constant, with extensions to manifolds with
integral curvature decay or controlled volume growth. On the other hand, manifolds with negative
curvature bounds support non-constant bounded harmonics. In H", the Poisson integral formula
represents positive harmonic functions via boundary measures on the sphere at infinity. This leads to the
Martin boundary construction, where extremal harmonics correspond to points at infinity, linking
potential theory to geometric compactifications (e.g., Gromov-Hausdorff limits or ideal boundaries).

The theory of ends further refines this picture. An end of M is an unbounded connected component of
the complement of a compact set. Parabolic ends (those admitting no positive Green’s function with pole

outside) behave like [J 2 in terms of recurrence of Brownian motion, while non-parabolic ends resemble
higher-dimensional Euclidean space. On Ricci-nonnegative manifolds, there is at most one non-
parabolic end (by results of Li and Tam). Harmonic functions with prescribed Dirichlet data at the ends
exist under capacity conditions and serve as barriers for studying minimal hypersurfaces or positive
mass theorems in general relativity.
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Growth properties of harmonic functions are quantified via the frequency function or monotonicity
formulas. For an entire harmonic function on [] ", the frequency

VUl
N(r)=r——-
0B,
Colding-Minicozzi to manifolds with Ricci bounds yield Bernstein-type theorems: harmonic functions
with linear or quadratic growth on Ricci-flat manifolds are affine. These techniques extend to ancient
solutions of geometric flows and classification of tangent cones at infinity.
Spectral and harmonic theories intersect profoundly in L2-harmonic forms and cohomology. The Hodge
theorem on compact manifolds decomposes cohomology via harmonic representatives. On complete
manifolds, L?>-Hodge theory requires careful analysis of the essential spectrum and weighted spaces. The
bottom of the spectrum controls the decay of harmonic forms, with applications to rigidity of
asymptotically flat manifolds (e.g., in positive mass theorems).
Applications abound. In geometric flows, harmonic maps evolve under heat flow, with monotonicity of
energy yielding convergence results (Eells-Sampson, Schoen-Yau). In data science, the graph Laplacian
approximates the manifold Laplacian, enabling spectral clustering and embeddings that respect intrinsic
geometry. In mathematical physics, the spectrum of the Laplacian governs quantum dynamics on curved
backgrounds, while harmonic coordinates simplify the Einstein equations near infinity.
Challenges remain in settings with unbounded curvature, collapsing phenomena (Cheeger-Colding
theory), or synthetic lower Ricci bounds (via optimal transport in RCD spaces). Recent advances employ
Ricci flow smoothing, quantitative stability, and machine learning for spectral approximation on
sampled data. Inverse problems in the non-compact regime involve scattering theory and resonances
rather than pure discrete spectra.
This analytical study synthesizes these threads, providing a unified perspective on how spectral
invariants and harmonic growth encode the global geometry of complete Riemannian manifolds.
Subsequent sections detail eigenvalue estimates, heat kernel analysis, Liouville theorems with proofs
and applications, frequency methods, boundary theory, and open problems. By bridging classical results
of Yau, Cheng, Cheeger, Li, and others with contemporary developments, the work highlights the
enduring relevance of these methods in uncovering the analytic and geometric essence of curved spaces.

is non-decreasing, and its limit classifies the homogeneity degree. Adaptations by

Spectral Theory on Complete Manifolds
On complete Riemannian manifolds, the Laplace-Beltrami operator generates a self-adjoint unbounded

operator on (L2(M). Unlike the compact case, the spectrum O (—A) may consist of discrete eigenvalues
of finite multiplicity and an essential spectrum. The bottom of the spectrum

2,(M) =inf {,,|Vu |’ doval/,, u*dvol :u e C? (M) /{0}}

is a fundamental geometric invariant. For manifolds with Ricci curvature bounded below, comparison
theorems relate /10 to volume growth and isoperimetric profiles.
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Cheeger-type inequalities generalize: A, > h?/4,, where h is a suitable isoperimetric constant defined

via exhaustions by compact domains. Brooks extended this to hyperbolic manifolds, linking positive ﬂo

to exponential volume growth. Weyl asymptotics hold locally or on manifolds with finite volume, but
for infinite volume, one studies the spectral measure or scattering poles.

Eigenfunction estimates are crucial. Donnelly-Fefferman and others obtained bounds on the growth of
eigenfunctions in terms of A, while nodal set estimates, though open in full generality (Yau’s
conjecture), have partial results via doubling estimates and frequency functions. On complete manifolds
with bounded geometry, one obtains uniform control away from the essential spectrum.

Heat kernel techniques dominate long-time analysis. Under lower Ricci bounds, Li-Yau differential
Harnack inequalities yield

0 d(x,y)?
—log p(t, X, y) + —2Z_ < C(n + Kt),
P g p(t,x,y) a0 ( )

providing Gaussian upper and lower bounds. These imply stochastic completeness (conservation of
probability for Brownian motion) when integral conditions on curvature hold (Grigor’yan). The heat

kernel diagonal p(t, x, x) decays as t‘”’zexp(—ﬂot) for large t, linking directly to /10 and volume
growth.

Harmonic Functions: Liouville Theorems and Rigidity
Harmonic functions satisfy AU =0 and are real-analytic by elliptic regularity. On complete manifolds
with Ricg >0., Yau proved the strong Liouville property: positive harmonic functions are constant.

The proof combines the mean-value inequality u(x) < 1 B,u (sub-mean for superharmonic)
Vol (B, (x))

with Bishop-Gromov volume monotonicity Vol (B,)/r" non-increasing. Suppose U >0 harmonic; then

log u is superharmonic in a weak sense, leading to constancy via volume control at infinity.

Cheng-Yau gradient estimates extend this: for harmonic u and Ric> —(n —l)K,

|Vu |< C~/K sup |u | coth(~/Kr)

in balls, yielding global bounds under non-negative curvature. These estimates derive from the Bochner
formula

%A(| Vu[?) 4 Hessu[? +Ric(Vu,Vu) + (V(Au), Vu),

which simplifies for harmonics and allows maximum principle applications after adding cutoff
functions.
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For bounded harmonic functions, the same rigidity holds under Ric = 0. Extensions to manifolds with
Ric>—-O(r™) or polynomial volume growth use refined barrier constructions. On the contrary, in

negative curvature, the space of bounded harmonic functions is infinite-dimensional, identified with
continuous functions on the boundary via the Martin or Poisson kernels. In hyperbolic space, explicit
formulas involve the visual sphere.

Growth Properties and Frequency Analysis
Growth of harmonic functions is measured by sup., |u|or L" or LP norms. On Euclidean space,

harmonic polynomials of degree \(k\) grow exactly like r*. On manifolds with non-negative curvature,
the soul theorem implies that harmonic functions are often constant or linear along rays. Colding-
Minicozzi introduced a frequency function for harmonic functions on manifolds with Ricci bounds:

B, | Vul
2 b
OB, Hyu'do

which is nearly monotone. Its asymptotic value classifies blow-ups at infinity, leading to Bernstein
theorems: entire harmonic functions of sub-quadratic growth on Ricci-flat manifolds are linear. This has
applications to singularity analysis in mean curvature flow and minimal surfaces.

On manifolds with ends, one constructs harmonic functions with linear growth corresponding to “linear”
directions at infinity. The dimension of the space of harmonic functions with growth O(r¥) relates to the
topology of the end and homology. L2-harmonic functions decay at infinity and connect to reduced L2-
cohomology, important for rigidity of asymptotically conical or hyperbolic manifolds.

N(r) =

Interplay: Spectral-Harmonic Synthesis
The heat kernel bridges spectrum and harmonics. The representation u(x) = mp(t,x,y) u(y) dvol(y) for

harmonic u (stationary) implies conservation properties. Green’s function G(x,y) =7 p(t,X, y)dt

exists on non-parabolic manifolds and serves as the fundamental solution for the Poisson equation. Its
asymptotic behavior encodes both Ao (exponential decay when (Lo > 0) and curvature (via comparison
with model spaces).

Nodal geometry of low eigenfunctions approximates harmonic behavior. Pleijel-type estimates and
Courant bounds limit the number of nodal domains. In applications to shape DNA or spectral
embeddings, the first few non-constant eigenfunctions capture major geometric features, with harmonics
providing the zero-frequency limit.

Advanced Topics and Generalizations

In collapsing regimes (Cheeger-Colding), harmonic coordinates provide C¢ regularity, allowing
spectral convergence. Synthetic Ricci curvature (RCD spaces) extends Liouville theorems via optimal
transport and entropy functionals. Dirac and Hodge Laplacians generalize to spinors and forms, with
Weitzenbdck formulas linking curvature to spectral gaps.

Harmonic maps f: M — N) between manifolds minimize energy and satisfy a nonlinear elliptic system.
Their regularity (Schoen-Uhlenbeck) and existence (Eells-Sampson for targets with negative curvature)
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rely on Bochner-type identities. On complete domains, bubbling phenomena and energy quantization
occur at infinity.

Stochastic completeness, parabolicity, and recurrence tie probabilistic potential theory to analysis.
Grigoryan’s criterion involves the integral test on the volume function. In physics, these govern
diffusion and quantum mechanics on curved backgrounds.

Challenges include manifolds with unbounded curvature, where localized estimates or Ricci flow
smoothing are employed. Quantitative stability of Liouville theorems under small curvature
perturbations remains active. Inverse problems seek to recover ends or asymptotic cones from spectral
data or harmonic growth rates.

This synthesis demonstrates that spectral data and harmonic growth together provide a robust framework
for understanding the global geometry of complete Riemannian manifolds, from local curvature effects
to asymptotic structures.

Conclusion:

Spectral geometry and harmonic structures offer a profound analytical lens for the study of complete
Riemannian manifolds. The discrete or continuous spectrum of the Laplace-Beltrami operator, combined
with the rich behavior of harmonic functions under curvature constraints, reveals fundamental rigidity
and flexibility phenomena. Liouville theorems under non-negative Ricci curvature highlight strong
constancy results, while negative curvature enriches boundary theory and growth possibilities. Heat
kernel estimates, frequency monotonicity, and isoperimetric inequalities bridge these domains, enabling
precise quantitative control and classification results at infinity.

The interplay extends to (L?)-cohomology, harmonic maps, and synthetic geometry, with applications
spanning minimal surfaces, geometric flows, general relativity, and modern data analysis on manifolds.
Open questions persist in singular settings, quantitative refinements, and full inverse spectral problems
for non-compact spaces. As the field evolves with tools from optimal transport and machine learning,
the foundational insights of Yau, Cheeger, Li, and others continue to inspire.

Ultimately, this study affirms that by listening to the spectral and harmonic “music” of a manifold, one
uncovers its deepest geometric secrets its shape, its ends, and its large-scale destiny. Future research
promises deeper unification across analysis, geometry, and physics, further illuminating the universe of
curved spaces.
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